We introduce topological phases in Photonic Time-Crystals. We show that dispersion bands, which are gapped in momentum, can have non-trivial topology, that affects the propagation of light in the temporal crystal.
In recent years, electromagnetic topological insulator systems were demonstrated in experiments [1] [2] [3] . These are spatially-periodic systems (crystals) that have topological phases manifested in robust unidirectional propagation, and topologically protected edge states in the band gap. The topological phases are also related to the wave impedance of the crystal [4] . Thus far, all photonic topological insulators proposed and/or demonstrated in experiments were crystals or quasicrystals in space [5] .
Here, we propose photonic topological time-crystals. These are topological systems which form by periodically modulating a homogeneous dielectric medium in specific fashion, which can be as simply as periodic step-wise modulation of the refractive index. Time-crystals are the temporal analogue of photonic crystals [6, 7] . Usually, photonic crystals are designed with a refractive index that changes periodically in space. However, due to the unique duality of time and space in time-PTC) where the refractive index changes periodically in time, rather than in space [6, 7] . Consequently, a sudden temporal change in the permittivity , causes time reflections, similar to a sudden change of in space, that causes spatial reflections [8, 9] . When inducing time reflections in a periodic manner, one obtains interference between forward propagating waves and time reversed waves, giving rise to Floquet-Bloch states and dispersion bands, which are gapped in the momentum [7] . These systems, are now attracting growing attention due to recent advances in fabricating dynamic optical systems and metamaterials [10, 11] . Indeed, the progress in altering properties of materials in high frequencies, will lead PTCs to the experimental level in the near future. In this work, we show that the PTCs can have topology akin to that of topological insulators. We prove analytically and demonstrate in FDTD simulations, that the topological invariant of the dispersion bands in momentum, is related to the relative phase between the forward and backward propagating waves, generated by the PTC. The topology also gives rise to topologically protected time-defects, analogues to defects in space. The topology we present here is fundamentally different from Floquet topological insulators [12] , which were demonstrated in photonics [3] . While in Floquet topological insulators the driving field, which can be a temporal modulation is an auxiliary designed for opening a topological gap in the frequency dispersion of a regular crystal. In photonic time-crystals, the time is the crystal dimension itself. Hence the perturbations open a topological gap in the momentum and not in the frequency . This is a property of systems which are governed by equations with a second derivative in time, such as Maxwell wave equations. The second time-derivative gives rise to dynamics of waves and their time-reversed pairs. We demonstrate this effect in a 1D PTC, since it is the simplest and most basic topological PTC. However, this method can be extended to higher dimensional topological models. The system we analyze is a spatially homogeneous material with permittivity . The system is modulated in time, such that changes periodically, with period in a step-like manner. This results in a binary PTC with two segments. In the first time-segment for a duration of seconds, followed by a second time-segment in which for seconds (Fig.1a) . For simplicity, the field is polarized in the direction, and propagates in the direction. This model was analyzed in the past [7] , however, the topology of the model and its implications were never addressed. With every modulation of , a time reflection occurs, causing waves to partially reflect to their time reversed pair, while preserving momentum k due to the homogeneity of space. This is analogous to a wave conserving its energy, and scattering back in space in a photonic crystal. We start by solving the problem of an infinite PTC. Using the fact that and are continuous in our system, we obtain the Floquet states where , and . Next, we calculate the dispersion relation . The values of for which is real are the bands, and the gaps are where is complex (Fig.1b) . In many 1D systems, the Topological invariant is given by the Zak phase [13] . By analogy, one can formulate the Zak phase of a PTC as: (1) where is the band index, is the Zak phase and is chosen to be in the middle of a time-segment (Fig.1a) . The Zak phase takes the values of zero or for each band. To confirm the calculated band gaps and topological phases, we simulate the evolution of a pulse in a PTC using the finite difference time-domain method (FDTD) (Fig 1.c,d ). The pulse has FWHM of 5[fs] and central wavelength of 1 [um] . We propagate it in a bulk of a PTC with periods, , and . The temporal periodic modulation of the permittivity causes the pulse to break down into two pulses, propagating in opposite directions (Fig.1c) . This is a result of each frequency component coupling to two Bloch modes: forward propagating Bloch mode and counter propagating Bloch mode (time-reversed). This is in stark contrast to photonic crystals where only the transmitted light entering the crystal takes the form of a Bloch mode, while the reflected light remains outside the crystals (e.g., in free space). If the incident beam has spatial frequencies residing in a band gap, (k) assumes complex values causing an exponential increase in amplitude, until the PTC ends after seconds. When the PTC ends, the wave splits into two waves which continue propagating in free space (Fig.1d) . The Zak phase dictates the phase sign between the forward propagating beam, and the time-reversed beam generated by the PTC when the pulse is in a band gap. To derive this relation, consider an incident plane wave experiencing periods of a PTC (Fig.1a) . The plane wave has wavenumber k in a band gap. After the PTC ends, the pulse splits into a time-refracted wave:
, and a time reflected wave . It is evident that in this case but the relative phase is different in each gap and for each . The sign of is determined by the Zak phase according to: (2) where is the gap number (lowest gap number is 1), and is the number of metallic band crossings below gap . For the first four gaps for example, and . This result is verified with FDTD simulations in Fig.1(e-h) , and accurately predicts the phase sign in each gap.
